


Lattice QCD & the
search for BSM physics

in beauty

Matthew Wingate
DAMTP, University of Cambridge



Outline

✤ Quark flavour

✦ Peering through the glue to study electroweak 
symmetry breaking

✤ Lattice QCD

✦ Uniting the gauge theory, statistical physics, and 
effective field theory 



Quark flavour

✤ Discovery era & flavour

✤ High precision in flavour

✤ Rare decays



✤ Only weak interactions change quark flavor

✤ Flavor mixing

✤ V is the CKM matrix.  Unitarity + “rephasing” implies 4 free 
SM parameters (one of them a CP-violating phase)

Quark flavour in the SM
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CKM matrix from Higgs couplings

Lquark = Q̄i
L i /D Qi

L + ūi
R i /D ui

R + d̄i
R i /D di

R

Jµ,+
weak = ū′i

Lγµd′i
L

Qi
L =

(
u′i

d′i

)

L
ui

R di
R

Jµ,+
weak = ūi

LγµV ij
CKMdj

L

Lquark,φ = −
√

2
[
λij

d Q̄i
L φdj

R + λij
u Q̄i

La εabφ
†
b uj

R + h.c.
]

Lquark,φ|vev = −
∑∑∑

i

(
mi

dd̄i
Ldi

R + mi
uūi

Lui
R + h.c.

)

LH SU(2) doublets RH SU(2) singlets

Interact with gauge bosons in covariant derivative

Gives rise to weak current

The coupling to the Higgs field is not apparently diagonal in generation

Fields may be transformed to find mass eigenstates

Showing the weak current allows mixing between generations



Physics Beyond the Standard Model

✤ Standard Model shortcomings: Higgs mass fine-
tuning, dark matter, CP asymmetry & M/AM

✤ Direct production: BSM spectrum

✤ Indirect searches: BSM couplings

✤ Complementary approaches



Complementarity: top quark

global fit for M top has been made by the LEP Electro-
Weak Working Group (LEP Collaborations, 1995). The
fits are performed with !s and M top as free parameters,
since !s at the Z mass has a large uncertainty. The best
predicted value for M top , using data from LEP, SLC, the
Fermilab collider W-mass measurements, and "N scat-
tering data, is M top!178"8#20

$17GeV/c2, with
!s!0.123"0.004"0.002 and #2/NDF!28/14 (where we
have chosen MHiggs!300 GeV/c2 to quote the goodness
of fit). The second uncertainty in this fit to the top mass
comes from varying MHiggs from 60 GeV/c2 to 1
TeV/c2. The fit results are in good agreement with the
directly measured values of !s and
M top ,!s(MZ)!0.123"0.006 (Bethke, 1995) and
M top!175"8 GeV/c2 (see Sec. IX). The variation of the
#2 of fit as a function of M top for three different choices
of MHiggs is displayed in Fig. 13.

In conclusion, all the neutral-current data, as well as
the W- and top-mass measurements are in agreement
with each other, with the exception of the measurement
of R b . The situation is nicely summarized in Fig. 14. In
this figure, the correlation between Rl and Rb is due to
the fact that Rl depends on the total hadronic width and
hence on $(Z→bb¯ ). Given the measured value of Rl
and !s , and assuming standard-model dependence of
the partial widths on sin2%eff

lept for all but the b quarks,
Rl constrains Rb and sin2%eff

lept . These three measure-
ments are compared with the standard-model prediction
given the measured top mass. The measured values of
Rb and Rc are somewhat inconsistent with the combina-

tion of sin2%eff
lept , Rl , and M top within the context of the

standard model.
Despite the large number of very precise measure-

ments, there is still little information on the mass of the

FIG. 12. W mass and top-quark mass measurements from the
Fermilab collider experiments (CDF and D0). The top-mass
values are from the full Tevatron data sets, with an integrated
luminosity of & 100 pb #1. The W mass values are derived
from analyses of the first 15–20 pb #1 only. The lines are stan-
dard model predictions for four different Higgs masses (Flat-
tum, 1996).

FIG. 13. The #2 curves for the standard model fit to the elec-
troweak precision measurements from LEP, SLD, CDF, and
D0 (W mass only) and neutrino-scattering experiments as a
function of M top for three different Higgs-mass values span-
ning the interval 60 GeV/c2'MHiggs'1000 GeV/c2. The num-
ber of degrees of freedom is 14 (LEP Collaborations, 1995).

FIG. 14. The combined LEP/SLD measurements of sin2%eff
lept

and Rb , assuming the standard model value of Rc!0.172 and
the standard model prediction. Also shown is the constraint
resulting from the measurement of Rl on these variables, as-
suming !s(MZ

2 )!0.123"0.006, as well as the standard model
dependence of light-quark partial widths on sin2%eff

lept (LEP Col-
laborations, 1995).
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Complementarity: Higgs boson
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Direct exclusion

Now out of date!



Complementarity in BSM searches

Indirect constraints
on CKM params

Direct measurements (please?)



Peering through the glue
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Snapshot of recent work (Q2, 2011)

ETM, PoS(LAT2009);
HPQCD, PRL 92 (2004);
FNAL/MILC, PoS(LAT2008); 
HPQCD, PRD 80 (2009)

fB, fBs BBd , BBs fB→π
+ (q2)

FB→D(1) FB→D∗
(1)

HPQCD, PRD 73 (2006);
FNAL/MILC, PRD 79 (2009) 054507;
FNAL/MILC, PRD 80 (2010)

HPQCD, PRD 76 (2007);
RBC-UKQCD, PoS(LAT2007);
HPQCD, PRD 80 (2009);
RBC-UKQCD, PRD 82 (2010)

FNAL/MILC, NPB Proc Suppl (2005) FNAL/MILC, PRD 79 (2009) 014506

B̂K

JLQCD, PRD 77 (2008);
HPQCD, PRD 73 (2006);
RBC-UKQCD, PRL 100 (2008);
Aubin et al., PRD 81 (2010)

fK→π
+ (0) fπ, fK

NPLQCD, PRD 75 (2007);
HPQCD, PRL 100 (2008);
QCDSF, PoS(LAT2007);
PACS-CS, PoS(LAT2008);
PACS-CS, PRD 79 (2009);
RBC-UKQCD, PRD 78 (2008);
Aubin et al., PoS(LAT2008);
MILC, PoS(CD09);
MILC, RMP 82 (2010);
JLQCD/TWQCD, PoS(LAT2009); 
ETM, JHEP 07 (2009);
BMW, PRD 82 (2010)

RBC-UKQCD, PRL 100 (2008);
ETM, PRD 80 (2009);
RBC-UKQCD, EPJ C69 (2010)



b ➙ s is rare in the SM

s

W W

t

ν

" "

b

b s

γ

b s

! !

t

W

γ, Z

sb

Heff = −
GF√

2
VtbV

∗
ts

10∑∑∑

i=1

Ci(µ)Qi(µ)

GF√
2

=
g2

8m2
W

For energies ≪ mW

Wilson 
coefficients

Local
operators



Dominant operators

SM operatorsDecays

B → K∗γ

B → K(∗)!+!−

Bs → φ"+"−

Bs → φγ

Λb → Λγ

Λb → Λ !+!−

B → (ρ/ω)γ

Q7γ =
e

8π2
mb s̄iσ

µν(1 + γ5)biFµν

Q9V =
e

8π2
(s̄ b)V −A ("̄ ")V

Q2 = (s̄ c)V −A (c̄ b)V −A



Long distance effects

b s

γ, Z

c c

W

B

b

u u

s, d

γ

ρ
K∗

doubly Cabibbo-suppressed

Weak annihilation

Ball, Jones, Zwicky, PRD 75 (2007)

Charmonium resonances

Khodjamirian, et al, PLB 402 (1997)
Khodjamirian, et al, arXiv:1006.4945

Buchalla & Isidori, NPB 525 (1998)
Grinstein & Pirjol, PRD 62 (2000), PRD 70 (2004)
Beylich, Buchalla, Feldmann, arXiv:1101.5118

Phenomenological calculations necessary

Low q2

Large recoil

High q2

Low recoil



Regions of applicability 

✤ Short distance 
effects dominate 
at low q2

✤ Short distance 
effects dominate 
at high q2  
(Grinstein-Pirjol, 
Beylich-Buchalla-
Feldmann)

Plot from E Lunghi’s CKM2008 talk

B → Xs!+!−

q2(GeV2)

J/ψ ψ′
large recoil

low recoil



Latest from LHCb
B0 → K ∗0µ+µ− and B0

s → φµ+µ− differential branching fractions

LHCb(1.0 fb−1) : B0 → K∗0µ+µ− : 900± 34 signal events
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Theory Binned theory
LHCb

Preliminary
LHCb

Measurement of the B0
s → φµ+µ− branching fraction reported at Moriond EW

LHCb(1.0 fb−1) : B0
s → φµ+µ− : 77± 10 signal events

B(B0
s → φµ+µ−) = (0.778± 0.097(stat)± 0.061(syst)± 0.278(B))× 10−6 [preliminary]

The most precise measurements to-date and are consistent with SM expectations [4]

Chris Parkinson Rare Beauty and Charm Decays at LHCb 12 / 22
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Lattice QCD

✤ Field theory as statistical mechanics

✤ Mending errors

✤ [Decisions, decisions]

✤ Work in progress (rare B decay form factors)



Quarks on sites

Glue on links

Lattice QCD in a nutshell

✤ QCD Lagrangian

✤ Break spacetime up into a grid

✤ Maintains gauge invariance

✤ Regulates the QFT nonperturbatively

✤ Breaking of Lorentz and translational symmetries scales 
like the lattice spacing ap (p=2, usually)

L = −
1

4
F a

µν
F a,µν −

∑

q
ψq

[

γµ(∂µ − igAa

µ
ta) + mq

]

ψq

= Lg − ψQψ



Lattice QCD in a nutshell

〈J(z′)J(z)〉 =

1

Z

∫
[dψ][dψ̄][dU ] J(z′)J(z) e−SE

〈J(z′)J(z)〉 =

1

Z
Tr

[

J(z′)J(z) e−βH
]

QFT : Imaginary-time path integral

SFT : Sum over all microstates

Use the same numerical methods!

Monte Carlo Calculation : Find and use field 
“configurations” which dominate the integral/sum



Lattice QCD in a nutshell

Partial quenching =

 different mass for valence         than for seaQ−1

det Q

Probability weight

=

1

Z

∫
[dU ] Θ[U ] det Q[U ] e−Sg[U ]

Gluonic expectation values

〈Θ〉 =

1

Z

∫
[dψ][dψ̄][dU ] Θ[U ] e−Sg[U ]−ψ̄Q[U ]ψ

Fermionic expectation values

〈ψ̄Γψ〉 =

∫

[dU ]
δ

δζ̄
Γ

δ

δζ
e−ζ̄Q−1[U ]ζ det Q[U ]e−Sg[U ]

∣

∣

∣

∣

ζ, ζ̄ → 0

Determinant in probability weight difficult
1) Requires nonlocal updating;  2) Matrix becomes singular

Set

Quenched approximation

detQ = 1



Lattice QCD progress

✤ Effects of light sea 
u+d+s quarks 
important

✤ Much progress 
using staggered 
quarks (+ 4th root 
hypothesis)

✤ Single set of lattice 
inputs (quark 
masses)

✤ [MILC Collab’n 
lattices]

C. Davies, et al., PRL 92 (2004)



Systematic errors

Lattice volume

Lattice spacing

Heavy quark mass

Light quark mass

L ! 1/mπ

a ! 1/ΛQCD

mQ ! 1/a

mπ ! mρ,4πfπ Chiral pert. th.

Chiral pert. th.
Brute force

Symanzik EFT

NRQCD, HQET
Extra-fine, extra-improvementmQ < 1/a

mQ ≈ 1/a Fermilab

Source of error Controllable limit Theory



Choice of discretizations

✤ Gluon field: improved actions, w/ various criteria 
(perturbative/nonperturbative Symanzik, RG)

✤ Light quarks: staggered, Wilson (clover), domain-
wall, overlap, twisted-mass, ...

✤ Heavy quarks: static, nonrelativistic, relativistic 
(Fermilab (perturbative/nonperturbative), 
extrapolated light quarks)



HPQCD approach

✤ NRQCD formulation to calculate QCD dynamics of 
physically heavy b quark

✤ Improved staggered light quarks

✤ Matching to MSbar scheme in pert. th. (Müller, Hart, 
Horgan, PRD 83, 2011)

✤ Can work in lattice frame boosted relative to B       
(Horgan et al., PRD 80, 2009)

✤ Stat. and EFT errors mandate working at low recoil

✤ Nf = 2 + 1 (MILC) configurations.  No unquenched 
calculations of B ➙ V form factors published yet.

with Stefan Meinel, Zhaofeng Liu, Eike Müller,
A. Hart, R. Horgan



Lattice data

a(fm) amsea Volume Nconf × Nsrc amval

coarse ∼0.12 0.007/0.05 203 × 64 2109× 8 0.007/0.04
0.02/0.05 203 × 64 2052× 8 0.02/0.04

fine ∼0.09 0.0062/0.031 283 × 96 1910× 8 0.0062/0.031

MILC lattices (2+1 asqtad staggered)

(px , py , pz) = (0, 0, 0).
(q̃,0,0), (0,q̃,0), (0,0,q̃), where q̃=1 or 2.
(1,1,0), (1,-1,0), (1,0,1), (1,0,-1), (0,1,1), (0,1,-1).
(1,1,1), (1,1,-1), (1,-1,1), (1,-1,-1).

High statistics

Light meson momenta (units of 2π/L)

So far, only v=0 NRQCD used (B at rest).  

Leading order (HQET) current presently used.  
1/mb current matrix elements computed, analysis in progress

Many Source/Sink separations (16 coarse, 22 fine)

mπ (MeV)
~300
~460
~320

p2/(2π/L)2
0

1 or 4
2
3



Full set of form factors

f+, f0

fT

V

A0, A1, A2

B → π"ν
B → K!+!−

B → K∗!+!−
B → K∗γ

〈P |q̄γµb|B〉

〈V |q̄γµb|B〉

〈V |q̄γµγ5b|B〉

〈V |q̄σµνqνb|B〉
〈V |q̄σµνγ5qνb|B〉

〈P |q̄σµνqνb|B〉 B → K!+!−

T1

Matrix element Form factor Relevant decay(s)

B → K∗!+!−
B → (ρ/ω)#ν

{

{

T2, T3

... also make the spectator an s quark for Bs decays



Form factor definitions

Fac
tor o

f 2 different fr
om 

Becire
vic,

 et al
; Ball, 

et al
.

Parametrization of matrix elements

B → Kl+l−

〈K (p′)|s̄γµb|B(p)〉 = f+(q2)

[
pµ + p′µ −

M2
B −M2

K

q2
qµ

]

+f0(q
2)

M2
B −M2

K

q2
qµ, (q = p − p′)

qν〈K (p′)|s̄σµνb|B(p)〉 =
i fT (q2)

MB + MK

[
q2(pµ + p′µ)− (M2

B −M2
K )qµ

]

B → K ∗γ, Bs → φγ, B → K ∗l+l−, (eν
λ : polarization)

qν〈K ∗(p′,λ)|s̄σµνb|B(p)〉 = 4T1(q
2)εµνρσe∗νλ pρp′σ,

qν〈K ∗(p′,λ)|s̄σµνγ5b|B(p)〉 = 2iT2(q
2)

[
e∗λµ(M2

B −M2
K∗)−

(e∗λ · q)(p + p′)µ
]
+ 2iT3(q

2)(e∗λ · q)

[
qµ −

q2

M2
B −M2

K∗
(p + p′)µ

]
.

Zhaofeng Liu (DAMTP, University of Cambridge with Stefan Meinel, Alistair Hart, Ron R. Horgan, Eike H. Müller, Matthew Wingate September 11-12, 2010 )Form Factors for Rare B Decays HPQCD meeting 5 / 20

Parametrization of matrix elements

B → K ∗l+l−

〈K ∗(p′,λ)|s̄γµb|B(p)〉 =
2iV (q2)

MB + MK∗
εµνρσe∗λνp

′
ρpσ,

〈K ∗(p′,λ)|s̄γµγ5b|B(p)〉 = 2MK∗A0(q2)
e∗λ·q
q2 qµ

+(MB + MK∗)A1(q2)
[
e∗µλ − e∗λ·q

q2 qµ
]

−A2(q2)
e∗λ·q

MB+MK∗

[
pµ + p′µ − M2

B−M2
K∗

q2 qµ
]

.

Zhaofeng Liu (DAMTP, University of Cambridge with Stefan Meinel, Alistair Hart, Ron R. Horgan, Eike H. Müller, Matthew Wingate September 11-12, 2010 )Form Factors for Rare B Decays HPQCD meeting 6 / 20
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Correlation functions130 CHAPTER 8. RARE B DECAYS

operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
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s
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(
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)
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(
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)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =


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√
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ZB

2EB
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A(FF ) =


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∑

s
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2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),
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2EP
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(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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Figure 8.23: Contractions for the three-point functions with point sources.

8.8.3 Heavy-light meson three-point functions

In terms of the standard Dirac propagators, the point-source three-point function at τ =

|x0 − y0|, T = |x0 − z0| is given by

CFJB(τ, T, p, p′) =
∑

y,z

e−ip′·xe−i(p−p′)·yeip·z Tr
[
ΓF Gq(x, y) ΓJ Gb(y, z) γ̂5 Gq′(z, x)

]
,

(8.72)

where ΓF = γ̂5 for F = P and ΓF = γ̂j for F = V . See Fig. 8.23 for a diagram showing

the contractions. In (8.72) we used the simple form of the heavy-light current J = q̄ ΓJb.

When replacing the b quark propagator by the lattice mNRQCD propagator, the current

has to be replaced by the lattice current derived in Sec. 8.5. It is convenient to compute

and fit the three-point functions for the various terms in the lattice current individually.

Inserting the lattice current, the three-point function becomes

CFJB(τ, T, k, p′) =
1
γ

∑

y,z

e−ip′·xe−i(k−p′)·yeik·z Tr

[
G†

χq
(y, x) F (x) Ω†(y) γ̂5

× J

(
Gψv(y, z) 0

0 0

)
S(Λ) γ̂5 Ω(z) Gχq′ (z, x)

]
(8.73)

(for x0 > y0 > z0). In (8.73), we have F (x) = 1 for a pseudoscalar meson in the final

state and F (x) = (−1)xj γ̂j for a vector meson in the final state. The symbol J in (8.73)

denotes the gamma matrix / derivative operator content of the heavy-light current:

J ∈
{

ΓS+(Λ), ΓS−(Λ), Γ (−iγ̂0v + iγ̂ ± iv/γ) · ∆(±)S+(Λ)
}

. (8.74)

The three-point function (8.73) can be computed by using the spectator-quark (q′) prop-

agator as a source for the heavy-quark propagator, so that only the sum over y remains
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s
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(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
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2EP

√
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2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =



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√
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(
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(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =


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′, s)εj(p′, s), F = V (no sum over j),
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(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),
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2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.

130 CHAPTER 8. RARE B DECAYS

operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where
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, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.

Matrix element from amplitudes
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Figure 8.23: Contractions for the three-point functions with point sources.

8.8.3 Heavy-light meson three-point functions

In terms of the standard Dirac propagators, the point-source three-point function at τ =

|x0 − y0|, T = |x0 − z0| is given by

CFJB(τ, T, p, p′) =
∑

y,z

e−ip′·xe−i(p−p′)·yeip·z Tr
[
ΓF Gq(x, y) ΓJ Gb(y, z) γ̂5 Gq′(z, x)

]
,

(8.72)

where ΓF = γ̂5 for F = P and ΓF = γ̂j for F = V . See Fig. 8.23 for a diagram showing

the contractions. In (8.72) we used the simple form of the heavy-light current J = q̄ ΓJb.

When replacing the b quark propagator by the lattice mNRQCD propagator, the current

has to be replaced by the lattice current derived in Sec. 8.5. It is convenient to compute

and fit the three-point functions for the various terms in the lattice current individually.

Inserting the lattice current, the three-point function becomes

CFJB(τ, T, k, p′) =
1
γ

∑

y,z

e−ip′·xe−i(k−p′)·yeik·z Tr

[
G†

χq
(y, x) F (x) Ω†(y) γ̂5

× J

(
Gψv(y, z) 0

0 0

)
S(Λ) γ̂5 Ω(z) Gχq′ (z, x)

]
(8.73)

(for x0 > y0 > z0). In (8.73), we have F (x) = 1 for a pseudoscalar meson in the final

state and F (x) = (−1)xj γ̂j for a vector meson in the final state. The symbol J in (8.73)

denotes the gamma matrix / derivative operator content of the heavy-light current:

J ∈
{

ΓS+(Λ), ΓS−(Λ), Γ (−iγ̂0v + iγ̂ ± iv/γ) · ∆(±)S+(Λ)
}

. (8.74)

The three-point function (8.73) can be computed by using the spectator-quark (q′) prop-

agator as a source for the heavy-quark propagator, so that only the sum over y remains
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To do
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FIG. 9: The B → K∗ form factors V,A1 and A2 from [32].
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Appendix C: The Form Factors

The hadronic matrix elements of a B meson with 4-momentum p decaying into a vector meson can

be parametrized as [32]:

〈V (k, ε)| q̄γµb |B(p)〉 = 2V (q2)

mB +mV
εµρστ ε

∗ρpσkτ , (C1)

〈V (k, ε)| q̄γµγ5b |B(p)〉 = iε∗ρ
[
2mV A0(q

2)
qµqρ
q2

+ (mB +mV )A1(q
2)

(
gµρ −

qµqρ
q2

)

− A2(q
2)

qρ
mB +mV

(
(p+ k)µ − m2

B −m2
V

q2
(p− k)µ

)]
, (C2)

〈V (k, ε)| q̄iσµνqνb |B(p)〉 = −2T1(q
2)εµρστ ε

∗ρpσkτ , (C3)

〈V (k, ε)| q̄iσµνγ5qνb |B(p)〉 = iT2(q
2)
(
ε∗µ(m

2
B −m2

V )− (ε∗ · q)(p+ k)µ
)

+ iT3(q
2) (ε∗ · q)

(
qµ − q2

m2
B −m2

V

(p+ k)µ

)
, (C4)

where mV , k and ε denote the mass, 4-momentum and the polarization vector of the vector meson,

respectively. The seven form factors V,A0,1,2 and T1,2,3 are functions of the momentum transfer

q2, and q = p− k. Note that by parity-invariance 〈V (k, ε)| q̄b |B(p)〉 = 0.

LCSR provide the form factors at large recoil, q2 ! 14GeV2 [32]. There, the outcome of the LCSR

calculation is fitted to a physical q2 dependence, of pole or dipole structure. It is conceivable that

the form factor parametrization obtained in this way are valid at low recoil as well.

For completeness, we give here the parametrization of the form factors V,A1,2 from [32], which we

28

Bobeth, Hiller, van Dyk, extrapolating from Ball & Zwicky’s sum rule f.f.

✤ Fit & extrapolate in light quark mass, lattice spacing, 
kinematic variable

✤ Compare/include sum rule calculations from low q2



New Physics: SM + Corrections

Add higher dimension operators 

LNP =
∑∑∑

d>4

∑∑∑

n

c(d)
n

Λd−4
NP

O(d)
n

Leff = LSM + LNP

O(d)
n local operator built from SM fields

Standard Model agreement pushes FCNC ΛNP to 102-5 TeV
unless an ad hoc flavour symmetry is imposed

What is the fate of the Standard Model?

Goal: perform enough precise expts + calculations to 
discover or constrain coefficients of O(d)

n



✤ Short distance Wilson coefficients Ci calculable 
perturbatively, given a model

✤ LQCD, sum rules, etc. compute matrix elements of 
local operators 

✤ Combine experiment with theory to find “allowed” Ci’s 
given a model framework

SM vs. BSM Wilson Coefficients

Heff = −
GF√

2
VtbV

∗
ts

10∑∑∑

i=1

Ci(µ)Qi(µ)



Constraints on Wilson Coefficients

narrow range of values around |CSM
7 |, however without determining the sign of C7. For this reason,

we present in the following our scans for C7 = ±CSM
7 .

In Fig. 5 we show the constraints in the C9−C10 plane from B̄ → K̄∗l+l− decays at large recoil and

B̄ → Xsl+l− data, without use of the low recoil information. On the other hand, taking into account

the B̄ → K̄∗l+l− data at low recoil only, we arrive at the constraints given in Fig. 6. We see that

the latter low recoil constraints are presently much more powerful than the others. An important

ingredient for this are the AFB measurements at low recoil constraining AFB ∝ Re{C9C∗
10} to be

SM-like, the benefits of which have already been pointed out in [13]. The individual constraints,

overlaid on top of each other, are given at 68% CL in Fig. 7. The data are consistent with each

other.

The global constraints, obtained after summing over the χ2-values of all aforementioned data,

are shown in Fig. 8. Two disjoint solutions are favored, around (CSM
9 , CSM

10 ) or in the vicinity of

(−CSM
9 ,−CSM

10 ). There appears to be space for order one deviations from either solution, regardless

of the sign of C7. Note that the flipped-sign solution around (−CSM
9 ,−CSM

10 ) for C7 = CSM
7 is

disfavored, see Fig. 7. Varying C7 between -0.5 and +0.5 and imposing the B̄ → Xsγ constraint

(a) (b)

FIG. 7: The individual 68% CL constraints on C9 and C10 from B̄ → K̄∗l+l− at large and low recoil and

B̄ → Xsl+l− for C7 = CSM
7 (a) and C7 = −CSM

7 (b) using Belle [8, 42], BaBar [43] and CDF [9] data. The

(grey) square marks the SM value of (C9, C10). See the color key at the top for the different constraints.
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Note how tight the constraints are from low recoil



Constraints on Wilson Coefficients
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Constraints on C7 vs. C9 vs. C10
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Summary

✤ First unquenched LQCD calculations of B ➙ K* &   
Bs ➙ φ (as well as B ➙ ρ & Bs ➙K*) form factors 
nearing completion

✤ Rare decays search for corrections to SM

✤ LQCD playing an important role in precision flavour 
physics (e.g. CKM unitarity)

✤ Flavour physics continues to play an important role 
in the discovery era




